1. DE RHAM COHOMOLOGY AND GAUSS-MANIN CONNECTION

Let X a smooth separated scheme of finite type over a Noetherian ring Spec(R), then the sheaf
of Kahler differentials is a locally free quasi-coherent module Q7 /R The derivation d defines the
complex

O%r:0—=0x = Qx)p = Qg = -
and the cohomology of the complex obtained applying the functor I' = I'(X, —) takes the name of
de Rham cohomology Hyr(X/R). Consider now the relative case w : X — S smooth morphism of
varieties over a field k. Then we can consider the sheaf of relative differentials Q% e 0% Ik [T QY Jk

and define the relative de Rham cohomology 14z (X/S) as the right derived hypercomology
HZR(X/S) =R ( 3(/5)-
From the short exact sequence defining the relative differentials
0= 7* Qg = Qx = Qxyg = 0
and using the fact that the sheafs are locally free, we obtain a filtration
;(/k - FOQB{/k 2 FlQB{/k 2 F2Q;(/k 2

with

F'Q% i/ F 0% ) = 7 Q% Q0 Q%5

The fact that the sheafs are locally free implies that there is a trivializing cover of affine schemes
{U;}; where
o, = 7 Vsyppw, © Uxys)v,

and then taking exterior powers we obtain

Vsuio, = P (7" Uy, © Uhien) -

i=0
The filtration is then locally given by
n—j

FIQ% 0, = D (W*QiS/kwi ® an7§|u) :

=0
Since the relative de Rham sheaf is defined to be the sheaf associated to the presheaf that locally
assigns
U= HI(x ™ (U), Qx/s11 (1))
we can then assume S = Spec(R) to be affine and define the Gauss-Manin connection locally.

Considering the spectral sequence EP'¢ associated to the filtration we have that the first page is
given by

% /s Qg ®ox W/ 0% ®ox /g Q% ®ox /g
| [ [ [
/s Qg ®ox Vs 0%, ®ox Vs 0%, ®ox Vs
|
Ox w*ié/k W*iﬁ/k ”*i‘z/k
|
! ; ; ;

The second page is given by



0 —— Hjp(X/R) — Q}%/k ®r Hip(X/R) — Q%%/k ®r Hip(X/R) — QB})%/k ®r Hip(X/R)
0 » Hip(X/R) —— Qp ), @r Hip(X/R) —— Q) @ Hip(X/R) —— Q) ®r Hyp(X/R)

0 —— Hgp(X/R) — Q}%/k ®r Hip(X/R) — Q?%/k- ®r Hip(X/R) — Q?%/k- ®r Hyp(X/R)

2. GAUSS-MANIN CONNECTION FOR FAMILY OF ELLIPTIC CURVES

Consider the family of elliptic curves &€ : y? = 2% — t over S = Spec(C[t,t!]). Now recall that a
basis for the de Rham cohomology of an elliptic curve is given by

Hip(€/8) = (w,n)
In particular we have
dx xdz
w=—, n=—.
Y Y

Given the equation y* = 2® — t we have that Qg /s is a free R-module where
2ydy — 3x%dx = 0.

Taking w = %—fdy — Ydx we can observe that

dxr = yw,
dy = %w

but in the full module Qé /e e have that the relation lifts to
2ydy — 3z%dx + dt = 0.

In particular the previous relations become
{dm = g;wz — gzdt,
— X
From this description we deduce the following relations between 2-forms
dx N\ dt = yw A dt,
_ 327
dy N dt = *3-w A dt,
dx Ndy = %w/\dt.

We can then further differentiate w in this space obtaining
2 2x 1 Y
dw=—dx Ndy — —dt Ndy — —dy N d =dt Ndx =
WG AW T gt Aay T pdy hdr gt Ade

1 x5 1 y?
==+ +=-Z |wAdt=
<3t+ 2y t2>°’
1
=——wAdt
i
The Gauss-Manin connection is the given by

1
V(w) = e ® dt.

Analogously we can proceed to compute the differential of zw in Qg/ C?

2x 1 1
d(aw) =de Aw + xdw = gdx/\dy— gxw/\dt = &xw/\dt.



Again the Gauss-Manin connection in this case is given by
1
V(zw) = ((itacw) ® dt.

With respect to the basis w, zw we then have that the connection V is given by

Ve= <_10/6t 1/06t> :

Since we are working over C, we can use the de Rham Theorem and shift our point of view on
the connection from differential forms to homotopy theory. Recall that we have a perfect pairing
given by

H}p(&:,C) x Hy(&,R) — C

w§r—>/

The fibers of the relative de Rham sheaf Hyr(£/S) are equal to the 2-dimensional vector space

H},(&,C). The Gauss-Manin connection gives then a way to understand how to go from fiber to
fiber. For a choice of ¢, we can picture the elliptic curve in the fiber of ¢ using the double-sheet
visualization given by the 2:1 map on the x coordinate

&(C) = P(C)
(z,y) =2

Consider a basis for homology given by the paths «, 8 in the picture where the solid arrows mean
that the path is taken only over one sheet while the dotted ones pass to the other sheet. We then
have

H(&G,Z)=Za+Z5.
In order to see that «, 8 form a basis for the homology, we can use the intersection pairing and see
that («a, 8) = 1.
In order to understand how the 1-chains change from fiber to fiber, we can compute their period,

namely
/w, /mw, /w, /xw.
a o B B
[o=2 [
gt Vad—t

fomr
¥ 3—t

(1)



/ /W dz
w=2
B Gy vad —t

/ /ﬁ zdz
w=2 e
2 ey vad —t

For the path « consider the change of variables

x(2) = GVt +iV3Vt- 2

w :/w:2\/%t_1/6 ' dz
“ e V3 Jo VG- D+ G)

_ / o — o VIO T (G +iV32)de
LA VB Jo VEE-D)E+G)

B 72\61571/6 —(s dz
“’ﬁ/ﬁ“’ B Jo V-t o)

[ g (G iR
""*/ =2 V3 /0 2(z— 1) (2 + G3)

we then obtain

From which we deduce

d (wa Mo\ _ (Wa 7o) (—1/6 0
dt \wg 7N - wg  Na 0 1/6 ’
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