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The motivating congruences

Zhang's numerical congruences [Zha25]. For an elliptic curve C'/Q with good reduction at
pand a,(C) =p+1—|C(F,)|, Zhang observed:

ap<%> = a,(C)* (mod p)

and systematic congruences linking Fourier coefficients of meromorphic modular forms to
Frobenius eigenvalues of the pole elliptic curves. Where for 7 € C, Im(7) > 0 and ¢ = €™,
we have

Eyq) =1+ 240;1—; D n>1 (Zd,n d3> q" the weight four Eisenstein series,
j(7) the j-function associated to the elliptic curve C/(Z + 77Z).

Goal. Give a uniform p-adic cohomological interpretation of these congruences.

Key tool: Rigid residue sequence + log-crystalline cohomology to produce a Frobenius-stable
Z,-lattice in the rigid cohomology.

Geometric setup

Consider X a fine moduli scheme of generalized elliptic curves with extra level structure admit-
ting a smooth model over Z,. Let 7 : £ — X the universal elliptic curve and C' the cuspidal
subgroup. Consider the following coherent sheaves

1. w:= Rlﬂ'*Q};/X the Hodge line bundle from the universal object

2. (H,V) = le*(Qg/X) the rank-2 vector bundle from relative de Rham cohomology, with
Gauss-Manin connection fitting into exact sequence

0—sw—=H—-w!—=0,

3. H; = Sym*H with the induced Hodge filtration:
Hp=Fil'H, D - DFIM'H =0, Gr'Hp 2w
Modular forms:
Mi(X) = T(X,w"),  Si(X) =T(X,w" @ Q)
Eichler-Shimura exact sequence:

0 — Myo(X) = Hip(X, Hi) = Spia(X)Y — 0

Serre derivative
Qk—i—l

0= wp — Wrro — Hi @x Uy (log O)/Vi(Hi) — 0

where 0 = qd% on g-expansion.

The residue sequence with hidden structure

Fix an effective divisor § = ). a; on X \ C, with a; € X(Z,) having distinct reductions mod p.
We have an exact sequence

0 —— Hi (X1 M) — HL(X\ S, M) —B= s @

|

mero,S k-1 3 ymero,S
M, JOFTMT

Sym" Hlp (E,)[1] — 0

aeS

The residue sequence is exact in the category of filtered-¢omodules [CI10].
The comparison result of Baldassarri-Chiarellotto [BC94] allows to remove small disks at the
poles in the rigid category

Hip(X\ S, Hy) = Hip(Va, 1) = M, j0F M,
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An overconvergent idea

To explicitly extract information about the Frobenius structure we apply Katz-Lubin theory of

canonical subgroups [Kat73].
i = ()

These spaces are natura]ly endowed with two modular operators V,,, U, inducing endomorphisms
Frob, Ver on Hz(Vy, H,®) [Col96] such that

Figure 1. Canonical lift

Frob o Ver = Ver o Frob = plﬁLl on H&R(V)\a H?g)

Theorem 1 (B. 2026)

Let P(X) (resp. Q(X)) be the characteristic polynomial of Frobenius on Sym’f(oz*?-[)[l] (resp.
H (X" H®)), and set P(X)Q(X) = S0, e, X? with M = dim Hl, (X" H®) + k + 1.

For every f € M3t

M
S e U € 0 (M)
1=0

Proof idea: Annihilate Hiy (V4 Hgg) via P - Q(Frob), enlarge S to supersingular locus to make
the Frobenius explicit, then substitute Ver” o Frob! < pM UL

Frobenius lattice and ¢-expansions

Consider the infinitesimal neighborhood Spf(Z,[[¢"/"]]) of the cusp [oo] of the formal model X.
The fiber product with the universal elliptic curve gives rise to the Tate curve

Tate(¢/VN) ——— &

i J

Spi(Z,[q"Y])) —— .

Thanks to the formal smooth lift of the variety we can pull back the log-crystalline conomology at
Infinity to obtain integral g-expansion description

Hitg —arys (X, 9)/ L, Hit) = Zyllg" ™)) /0°H (2,1 ™])
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Theorem 2 (B. 2026)

Let e; the coefficients of the polynomial P(X) - Q(X) as before. Then for every
f = Im(HllOg _CTYS(<7’ g)/Zp7 Hk) — Hllog —Crys(<77 §>/Z}?7 Hk‘) ®Zp Qp = H&R(V)\, Hz,lg))

we have

M

Z eM_Z'pM_iCanm(f) =0 mod p!**V.
i=0

An explicit example

Let C/Q be the CM elliptic curve 2 + zy = 2 — 22 — 2z — 1, with CM by Z[*¥="] and
j(C) = —3375.

Zhang's basis for Sym?H ., (C) < Hin(Vi, Hb®):

E
h= j+3§75v
E E.
f2 — 19 . j+3§75 — 91125 * (j+33475)27
E E £
fs = 1399 - j+3§75 — 19008675 - W + 54251268750 - W

For every ordinary prime p > 3 and ¢ > 0, letting u,(C) be the p-adic unit root of X? —
a,(C X + p:
A1 (fi) = i - apye(fi)  (mod pgg)
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where i = u,(0)?, pe =p, pz = p*uy(C)

Cohomological interpretation. The three forms fi, fo, f3 represent the Frobenius eigenspace
Sym? H 1, (C)[1] inside Hi,(Vy, H5®), and the congruences follow directly from Theorem 2
applied to P(X) = det(Frob — X | Sym*H},(C)[1]).

Further directions: towards semistable reduction and Gross-Zagier
conjecture

In a joint work with Hazem Hassan, we are extending the framework to the semistable case for
a Shimura curve admitting p-adic uniformization in the sense of Cerednik-Drinfeld. The residue
sequence at CM divisors produces natural extensions of filtered (¢, V)-modules. We provide a
p-adic analytic formula for the p-adic height pairing of these extensions that can be regarded as
a higher p-adic Green’s function. We expect the value is the p-adic logarithm of an algebraic
number, a p-adic analogue of the Gross-Zagier formula
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