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-·I . Introduction :

1

THREE Perspectives on Modular Forms

I

# COMPLEX ANALYTIC i I

I

I
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we

2
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·

i
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*
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A
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I
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- AESz(To , Q) All= & . 9" 2 = p + 1 - #Ee(#p) ptN WEIGHT 2 EIGENFORM

GEOMETRIC FLAVOUR
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M

GEOMETRIC
To(N)

fe Ho (Xo(N) , wa) ==

MODUL SPACE Of ELLIPTIC CURVES

W Cyclic N-SuEGROUP
·

IE
, C

SECTION OF LINE BUNDLE
E ELLIPTIC CURVE

CCE[N] CYCLIC N-GROOP
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CONGRUENCES Between Modular Forms 2

· 1(q) = 9.-qu Discriminant Mor For

· Gazla)= Eisenstein Ser

RAMANUJAN'S CONGRUENCE ('16)

T(p) = 1 + p1 mod 691
.

A

SERRE'S IDEA (172) :

CONSTRUCT P-AOK ANALYTIC FAMILIES Of MODULAR FORMS FROM THEIR -Expansion

f -(9) = 20 + 2 19 + 2292+... Kp[93] , Volt) := intn/plan)

THE SPACE OF P-ADIC MODULAR FORMS Is collection of flat Kp[[q]] SUCH THAT

↑ (f(q)-fi())-> 0 For fieMa (Sle()
,
El classical Modular Forms

M
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P-ADIC FAMILY of Eisenstein Series (pis)
3

Kummer Congruences ('sh LET KEE'mod (P-1) ph

# (pr1)+A : (a-pt= len/ = (1-ph-Bu/' mod putz

Consider G(9) := (1-pE-7) MODULAR Form For Tolp)

- By FERMAT's LITTLE Theorem and Kummer Congruences FOR KEK' mod (p-1ph

· If (pr1) + A : G(9) = Gr (9) mod phot

LeteXpx[/p-1X. (n) =Ed P-A0k INTEGER

ptdin

GGet a pa Modular For

& (1-2) = Lim11 Ki -> A
,

G: INTEGERS

Y
Kueota-Leopold p-adi 3-function
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TOWARDS A FINER DESCRIPTION 4

* Hecke Structure

Classical) Modular Forms of level N are equipped wi action of Hecke Algebra

· Tof(a) = 2 beng + lange
· Upfla)= &up Pin

Up operator on P-abic MODULAR FORMS HAS LARGE Continuous Spectrum

+ p2p . A +:= (1 - xVpj
*

(t-VUp)t

Up fx = x fx

PROBLEM : We cannot Decompose P-adic ME in finite Linear Combination EiGenForms !

-

KATE'S IDEA ('72)

INTRODUCE P-ADic GEOMETRIC FRAMEWORK :

OVERCONVERGENT MODULAR FORMS
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6)I .
Geometry of Modular Curves (p=s) S

Complet Analytic us Schemes

MODULI SPACE Of ELLIPTI CURVES WITH CYCLIC P-SUEGROOP

* COMPLEX PICTURE

Told = [reSL: r= /- ) mod py ,

Yo(d = M/-> SECIPTIC curves/k v p-suecpY
= -> (k/(+**) , E )

Xolp) its compactification is Riemann Surface

* SCHEME THEORETIC PICTURE

Rings -> Sets REPRESENTED BY SMOOTH SCHEME
Yo(p) OVER[Yp]

R-> /EIR ELLIPTIC CURVE

↓ P-Subgroup 3/7
TAKE Xolp) its compactification ,

Smooth Proper over[Yp]

Deligne - Rapaport moveL : SeMistable moveL over E 8.I super
·⑧

(a) (

CONNECTION WITH MODULAR FORMS : L/Q Field extension
,

Kel

STold
,
) = H%olp

,
e) cusp Forms of weight 24

EEM . TAKING MODULAR CURVE OVER KP WKL NOT AOD Any New Modular Form => Need Rigid Analytic Setting
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Rigio Picture : Ordinary Locus & Supersingular Anduli 6

Consider E/Fy Elliptic curve over Finite Field Elp] (F) = /E ORONARY EC

E[P]() = 504 SUPERSINGULAR EC

RIGIO ANALYTIFICATION OF MODULAR CURVES

#
an

red-
↑

ord

*

Xo(p)

IE,C) I- ORDINARY LOCUS

Xyl
+

p x()/ip
on Kp

- ↓ T

= ](0-
#I- SUPERSINGULAR Locus

POINTS

V

((((((((( ·

ACTITUNG : A PROPER TREATMENT

SHOULD INVOLVE EXTRA STRUCTURE TO

E

III/II
/III/II

-(1)
*h

-) AVOID PROBLEMS OF REPRESENTABILITY

Of MODULI PROBLEMS
.

·

THE AFFINOID XO IS CALLED ORDINARY LOCUS AND CORRESPONDS TO ELLIPTIC CURVES WITH ORDINARY REDUCTION

REM
↑ - Adic Modular Forms A La Serre (of CLASSICAL WEIGHTS) CORRESPOND TO SECTIONS OVER ORDINARY LOCUS

-

5) := r(X)
,

4Q0 Feld extension
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CANONICAL Subgroup : Luan's Idea 7

SUPERSINGULAR ANNULI HAVE SPECIAL LOCUS I NOT TOO SUPERSINGULAR LOCUS

ASSOCIATE TO ELLIPTIC CURVE A CANONICAL SUBGROUP

# bot-too- SUPERSINGULAR

(E,
C)
· F # TOO-SUPERSINGULAR

[ ( T M # GE
E

E

E
/ /

x(((((((((((
/

OVER Kp

X(a)an
E

free L red I
⑳

E
over #

WHERE DOES CANONICAL SUBGROUD COME FROM ?

* ORDINARY Locus : Ke = Ker(E(p]-Elp]/Foll I
P-1 p2

* SUPERSINGULAR LOCUS : NEWTON Polycon of [P] on E FORMAL GROUP
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Overconvergent Modular Forms 8

CONSIDER WUTS THE ORDINARY LOCUS TOGETHER WITH NOT-TOO-SUPERSINGULAR LOCUS

I

Wits toplan

Xord< Wais

Wats , fort finite disjoint union of open andoli ·
E
E

Xa

/ /

/

An OVERCONVERGENT P-adi MODULAR FORM Is A p-Adic Modular ForM

&THAT IS Defined On WNTS /OVERCONVERSES In PART Of SUPERSINGULAR LOCUS

S= (WEs) ,
L/Qp FIELO Extension

.

Per CLASSICAL MODULAR FORMS OF LEVEL Polp) Naturally sit

In OVERCONVERGENT P-ANI MODULAR FORMS
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Up OPERATOR : THE REASON EVERYTHING WORKS 9

Rall Up operator or modular Forms Upf(q)= Inpa
, fl= and

GNEN BY GEOMETRIC CORRESPONDENCE Xo (Np)

~ PRESERVES ORDINARY LOCUS In (E,
a

, a Tz

NOT-Too-SS LOCUS L

# I ~

Xo(N) (E,] (EX,) Xo(N)

THEOREM Up IS A CONTINUOUS BOUNDED COMPACT OPERATOR ON S

I
.
E

.

IMAGE OF UNIT BALL IS RELATELY COMPACT

SERRE And Dora ('62) provEO FOLLOWING PROPERTIES OF THESE OPERATORS

* Up IsMIT Of OPERATORS of Finite Rank

Up Has WELL DEFINED TRACE

Up ADMITS a Discrete Spectrum

H11 = Hel z ... .... w |x: 1 -> 0

ANO SEQUENCE Of GENERALIZED EIGENFORMS A: SUCH THAT EVERY OVER CONVERGENT ME A ADMITS

↓ Zifi Asymptotic Expansion 1)UA-fill = 0(24
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& . Computing Up-Elgenfunctions
10

GENUS O CASE

"(z)= Hartmout is unformer for t

*(p)ap Y
EXTERNAL ANNOLUS:ston V

X

"
TOO SUPERSINGULAR

11111111111111111111
-

-1 p +z : = Evenis
XX (

=P

· W(p) = [zepu(al Inp<p) = B(0, p

*

8)

· x
**

(p) = (ze(pu(84) (np(z)) + 1) = =(0 ,)

Es p= z
,
j= +28. TWO RIGIO P-ADIC DISCS CENTERIO At THE CUSP D

THE WEIGHT O OVERCONVERGENT PLADIC MODULAR FORMS CORRESPONDS TO FUNCTION ON P-ADIC DISE WNTS
IE Laurent Series f= do + 2

_ php + arpho +... - Kp[php7] ,

v=p WITH GROWING CONDITIONS ON COEFFICIENTS
p21
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Up action on Hauptmodul 11

FROM THE GEOMETRIC DESCRIPTION - OVERCONVERGENT MODULAR FUNCTIONS EXPRESSED AS

Power Series on Up (f Growing Conotions)

Up action on So (p) over by up action on pih , pah, parh ....
r = 1

p2-1

B use Genes o of Xolp) + DESCRIPTION of Up As CORRESPONDENCE TO DETAIN

Uphi = P
: (h) PieKp[x] POLYNOMIAL

-Y Computationally PRECE

P (h) Can Be Computer RECURSIVELY

EG p= 2 Welh") = (48h + 409642Up(4
"*

) + hUp (h"2)

38

3711 16

8 1217 19 24 THEOREM (Buzzard-CALLEGARI , 'Os)

711152123 27 32
The Slope Sequence of Us on Ski

Ve (Uz(i ,i)) ij
=

11192025273535 ...

IS GIVEN By

11 16202427 33 35

171924293435 E1 + 2vz(Yu
= 1

....

1 20 23 273138

19 242737 36

...

:
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A Mysterious Behaviour 12

consider per
,

let fi elgerforms for Uz-operator ,
Unfitifi dieka

V(+1) = V(tz)> Vz(+3)x ...

Callegari (13) deserved THAT

9- Expansion of fen APPEAR TO CONVERGE TO AN INFINITE SCOPE FORM

(9)= in )an
COMING FROM INTEGRAL OF P-DEPLETION OF A CLASSICAL MODULAR FORM

50 YEARS AFTER SERRE'S FIRST RESULTS
,

LIMITS OF 9-EXPANSIONS OF P-ADIC

MODULAR FORMS REVEAL RICH STRUCTURES THAT REMAIN LARGELY MySTERIOUS !
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